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Abstract — High-Order Cumulants (HOC) and cross-correlation was
combined to suppress the Gaussian color noises and the un-related
noises in real applications. The cross-HOC TOA estimation model
was developed based on the diagonal slice of the forth-cross-cumu-
lant. The eigen analysis was carried out, and the eigen noise space
and the eigen signal space was achieved. Then the Frequency Domain
TOA estimation algorithm based on Cross-HOC was developed. Dif-
ferent simulation experiments were carried out to draw out the conclu-
sions.
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1 Introdution

The reseach of High-order Cumulants (HOC) is an
important topic[1-3] in signal processing. HOC is statis-
tics more than two orders. It’s known to all that the cu-
mulants higher than 3 orders of Gaussian signals are zero,
that is, HOC can efficiently suppress Gaussian noises, so
the spectrum estimation algorithms based on HOC were
popular for its suppression ability of color Gaussian noises.

However, HOC can’t suppress non-Gaussian noises,
so if the cross-spectrum with the excellent suppression
ability of non-related noises was combined with HOC, and
we call cross-HOC here, then the unrelated non-Gaussian
noises and the color Gaussian noises can be both efficiently
suppressed. This is important and helpful in the actual ap-
plication. And it is also demonstrated in paper [3-5] that
the unrelated non-Gaussian noises and the color Gaussian
noises can be both suppressed to zero in the different com-
munication channels. Based on above, a cross-HOC fre-
quency domain TOA estimation algorithm was developed
in this paper.

In this paper, the cross-HOC-based TOA estimation
model was developed based on the diagonal slice of the
cross-forth-cumulant, and the eigen analysis was carried
out, the eigen noise space and the eigen signal space was
achieved, then the frequency domain TOA estimation al-
gorithm based on Cross-HOC was developed. Further-
more, research on the bandwidth requirements of the al-
gorithm was carried out, and some conclusions were
made.
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2 HOC of the TOA estimation

Here we use the parametric model we adopted in
Ref.[6-7]:

L/)fl

y(f) = D aexpliQufr, + @) +w(n), (1)
and L, is the m’mgber of the different paths between the
transmitter and the receiver, a, = | o, | €% , a, is the nor-
malized amplitude of the %, path, z, is the arriving time of
the &, path, and the vector summation of the all arriving
paths is the total receiving strength of the receiver.

The corresponding discrete model is
L ~1

3(m) = aeliGlfy + (n - DAz, + gl +

w(n) = Za;eprZTr(n —DAf - 7} + w(n), (2)

where a; = a; + exp(j2nfyz,), ¢ s are independent ran-
dom variables in uniform distribution in [— 7,7 ], and we
set w; = 2mr; . According to the cumulant properties, ()
is the summation of the different and independent paths.
so only one single path should be included when we study
the cumulant of y(n) . Here we adopt the forth-cumu-
lant, and to the zero-mean complex random signals, the
forth-cumulant is defined as

Cyq (7}1[ s M 4, N3 ) =

Curn[y'\: (n),y% (n + ml),y(n + 7712),y(n + 7)13)], (3)
where,cum stands for cumulant, and the complete expres-
sion can be found at Ref.[8].

According to the work of Swami and Mendel™', to
the signal series y(7) described in Eq. (2), the two order
auto-correlation function and the forth-cumulant are

L/)fl

R,(m) = Z | a, 1exp(jaym), 4)
k=0
curmy,, ( Ny, My, My ) =
L/)*l
- 2 | a, ‘46)([)[]'(0;2(* my + my + my)]. (5)
k=0
Specially, we focus on the one dimesion diagonal slice

of the forth-cumulant. We set m;, = m, = m; = m in
Eq. (5), and we can describe the diagonal slice of the
complex harmonic process as
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cumy, (m) = /Z] | a, I*expl joy, (m)]. 6)

k=0
And Eq. (6) gives us a special and important information
that the diagonal slice completely keeps the all parameters
such as paths count L, , amplitude a, and frequency w, .
What's more, if Eq. (6) was compared to Eq. (4), we can
find that the diagonal slice of the forth-cumulant of y ()
is almost the same to the auto-correlation function of the
complex harmonic process described by Eq. (7), only with
the sign different:

L/)fl

y(n) = 2 | a, 1Pexpljon + ¢ . (7)

k=C
It can be deduced fromJEq. (7) that if the auto-correlation
function in the traditional TOA algorithms was replaced
by the forth-cumulant, the eigen-decomosition based TOA
estimation method can still work, of course the cross-HOC
too, and this is the idea of the cross-HOC based TOA al-
gorithm.

3 The cross-HOC based TOA algorithm

Firstly, supposing two frequency domain sample se-
ries #(n), y(n) in different bands are in ready, then ac-
cording the channel model in Ref.[6,7], we have

L

y(n) = zp)a;e)q)[j(w,-n + )]+

=0

&(n)+n,(n), (8)
x(n) = _/Z,BieXp[j(w,-n to, +0)]+
& (n)+n.(n), 9

= a; ~exp(j2nfy;), B = B+ exp(j2nfy ), in
which f, and f(/) is the starting frequency of the sampling
bands, are the amplitude information, w;, = 2wz; shows
the time delay, and ¢,; , ¢, are the phases of the different
paths uniformly distributed in [0,2x], 0, is the phase dif-
ference between x(n), y(n), L, is the path count, &,,
&, , 7, » 7, are zero-mean noises,among which &, , £, are in-
dependent Gaussian or non-Gaussian noises, 7, , 7, related
Gaussian noises, furthermore, & and 7 are independent.

Then according to the definition of the forth-cumulant,
the slice of the cross -forth-cumulant can be deduced as

Core (m) = cmniy(n)ax(n + m)a”™ (x + m)a” (x + m)}
L1

4
= Zaz,@?exp[*j(w,-m +0)]. (10)

=0
Therefore, we can develop the cross-forth-cumulant ma-
trix (¢ > p) as

where, a;

c(0) c(=1) (—g+1)
Cw:z:r — L(l) L(O) N C(* (1 +2) _
C(q—l) c(q—2) c(O)
APA", (11

where
(i) = € (1) = €, (4,0,0,0), i =0, £ 1,-++, £ (¢ — 1),
A = [alw),alwy), alwp)],
alw) =[1 &% &*d o],

P= diag[* al/fl)exp(]-@l ), — azr@“P(ﬁz)f'%
= diag[a] s ’”'5a/)]~

Obviously, the order of C,,, is p, C,,, is @ ¢ X g square

matrix, and its exigent-decomposition is
C... = u[ 2 O] (12)

’ 0 0

Where, U, V are the left and right singular vector of
Cyu > and > = diaglo,,0,,,0,| Withe, =0, ==
o, . From Eq. (12), we can see that C,,, completely sup-
press the influence of the independent noises and the relat-
ed Gaussian noises. Similar to the eigen-decomposition of
the auto-correlation matrix, U,V can be decomposed to
signal subspace and noise subspace as U = [U;, U,], V

- a8, exp(j6,)]

= [V, V,], here the signal subspace vectors U; = [,
u, -+ u, ], Vi = [v; v, =+ v,] and the noise subspace
vectors U, = [u/ﬁl Upep °°° qu V, = [Upﬂ Up+2 77 UQL
so it can be concluded that:

1) the signal space S = spanfu; u, *** u,f or S =
span{v; v, ** vyt And spaniu, u, =+ uy! = spaniv, v,

oyt =spanfa(w,) alw,) -+ alwy)}, thatis U,, V,,
A are three different base vectors of the signal subspace,
with the dimension L, .

2) the noise subspace G = span{ vy, vyir **
= span{ w7, |

U,, V, are two different base vectors of the noise
subspace, with the dimension m — L, .

3) the total space I = [SE] = S@ E, the subspace
are orthogonal S and E complementary subspaces of I .

Based on above, we can deduce the frequency doma-
in TOA estimation Algorithm Based On Cross-HOC as the
following: Y u;, € U,(orV v, € V,) , we have

Alw)u;, = 0. (13)

Furthermore, the psesudo MUSIC curve of the cross-
forth-cumulant can be deduced as

am 1
S = A T
And by searching the peaks of /" (w) , the time delays
of the different arriving paths can be estimated by w, =
2rpr, . This is the Frequency Domain TOA estimation al-
gorithm based on Cross-HOC proposed in this paper.

v, |org

(14)

4 Experiments about the bandwidth requ-
irements

In the small sample conditions, the estimation error
of the HOCG: is very large, and if we want to achieve ac-
curate TOA estimation, large dimension of the HOC ma-
trix is required, which is usually far beyond that of the
two order auto-correlation matrix. For example, a 80 X80
cumulant matrix was adopted in paper [8] to estimate the
two frequency components in a harmonic process. 1o the
dimension requirements or bandwidth requirements in
TOA estimation, we analyze from simulation. Here we
suppose a channel with three arriving paths (115, 1),
(150,0.2) and (175,0.3), and the first value was the ar-
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riving time of the different paths in ns and the second val-
ue was the normalized strength amplitude. Firstly, we an-
alyzed the fundamental requirements to realize precise
TOA estimation in the perfect condition with no noise.

And concerning the 20 MHz bandwidth 802. 11 a/g
can offer, we carried out simulation experiments if the
20 MHz bandwidth is enough to realize accurate forth-or-
der-cumulant estimation. In this simulation, we set, BW
= 20 MHz, mAf = 6 MHz and chose different values of
Af, (L,m), then adopted equation (14) to estimate the
different TOAs of the paths. And the parameter values
and experiment results were shown in Tab. 1.

Tab.1 TOA estimation results with BW = 20 MHz, mAf = 6 MHz

BW =20MHz, ¢, =115ns © =10ns ©; = 175ns
mAf =6 MHz, ——— S o
Af,(L,m) T, T T Ty Ta— T Ty T3TT3
Af = 0.1 Mg, - |
(201.60) 101.1 —14.9 151.6 1.6 * x
Af = 0.2 MHg, -
(101,30) 102.7 —12.3 173.7 23.7 % %
Af = 0.4 MH, - B ) )
(51.15) 109.4 —5.6 144.7 —5.3 =« y
Af =1 Mtg, . ) )
(21,6) 119.6 4.6 129.3 30.7 .

* stands for unresolved

From Tab. 1 we can see that tie 20 MHz bandwidth
can't realize forth-order-cumulant estimation, neither can
accurate TOA estimation. Then we expanded the band-
width to 40 MHz, and chose to 15 MHz, the experiment
results were shown in Tab.2.

Tab.2 TOA estimation results with BW = 40 MHz, mAf = 15 MHz

BW =40MHz, 7, =115ns 7, =150ns 73 = 175ns
mAf = 15 MHz,———— . .
Af,(L,m) Ty Ty T Ty Ty T T3 T3UT3
Af = 0.1 MHg,
(401.150) 1306 156 1545 45 * M
Af = 0.2 MH, ) )
(oi7s) 1309 159 1547 47 x .
Af = 0.4 ML, ) )
(01.4) 1321 171 120 2.0 = .
Af = 1 Mi,
(41,15) 132.9 17.9 129 2.9  * «

From Tab.2 we can see that with the 40 MHz band-
width and the 15 MHz mAf , accurate TOA estimation
results still can’t be realized. We can solve the problem
from two ways, one is to increase the cumulative average
calculating times M , and the second is to increase the di-
mension of the cumulant matrix 2 . So we increased to a
50 MHz bandwidth which directly will increase the value
of M , but with the same mAf = 15 MHz, and the experi-
ment results were shown in Tab.3.

Tab.3 Estimation results with BW = 50 MHz, mAf = 15 MHz

BW =50 MHz, 7, = 115 ns 7, = 150 ns 7, = 175 ns
mAf = 15 MHz,—— - i i A :
Af(L,m) LT TT Ty T2 T T3 T3 T
Af = 0.1 MHg,
(501,150) 137.6  12.6 162.1 12.1 % %
Af = 0,2 Mi,
(501*,75) 140.7 25.7 164.8 4.8 *
Af = 0.4 MHz, B ‘
Af = 1 MHg, i )
(51,15) 137.7 17.9 162.1 2.9 x x

From Tab. 3 we can see that the increment of M
can’ t produce better accuracy, and even worse in sme
conditions. So we adopted the second solution, that is, to
increase to 20 MHz. The experiment results were shown
in Tab.4.

Tab.4 Estimation results with BW = 50 MHz, mAf = 20 MHz

BW = 50 MI_IZ, T = 115 ns T, = 150 ns Ty = 175 ns
mAf = 20 MHz,—— - - - - -
Af,(L,m) Ty T T Ty T T Ty T30
Af = 0.1 Mg, B
Af = 0.2 M, B
(256,100) 108.1 -7.1 150.7 0.7 182.7 7.7
Af = 0.4 MH, -
(126.50) 108.0 7.1 150.7 0.7 18.5 7.5
Af = 1 MiL,
s120) | 1079 0 1508 0.8 1818 638

From Tab.4 we can see that with mAf = 20 MHz,
the algorithm in this paper can resolve the three paths,
but the error is big. Based on above, we can conclude that
mAf = 20 MHz is the turning point of the cross-HOC
based algorithm, and if mAf < 20 MHz , the information
included in the cumulant matrix is not enough to resolve
the paths, even with large Ms. At the same time, in the
mAf = 20 MHz condition, the value of 2 is neither im-
portant and the estimation result is almost the same with
different 72 values, and the only requirement here is 7 >
L, . In high sample rate conditions, in order to reach the
requirement of mAf , large M, m have to be adopted, so
the computation consumption is large. Consequently, for
computation consumption purpose, we should choose large
sample intervals to reduce the dimension of the cumulant
matrix, which is the same to the two order auto-correla-
tion matrix. Furthermore, we can see that the dimension
and bandwidth requirements of the cumulant matrix esti-
mation is much higher, and the algorithm in this paper
should be applied in conditions with large bandwidth.

Finally, we expanded mAf to 30 MHz, and made
simulations in different parameter choices. The experi-
ment results were shown in Tab.5. From Tab.5 we can
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see that in the experiments with BWs lower than
200 MHz, the error is still big, and as BW reaching to
300 MHz, the estimation accuracy seems to be stable. In
brief, the Frequency Domain TOA estimation Algorithm
Based On Cross-HOC has the ability to suppress mixture
noises, but this ability should be supported by large band-
width.

Tab. 5 Estimation results with BW = 70 ~ 1000MHz, m
Af = 30 MHz
BW = 70,140,
200,300,400,
1 000 MHz,
mAf = 30 MHz, {'1 ‘2'1 - T ‘2'2 ‘z'z - T %3 ‘2'3 T3
Af,(L,m)
BW =70,
Af = 1 Mi,
(71,30)
BW = 140,
Af = 1 MHg,
(141,30)
BW = 200,
Af =1 My,
(201,30)
BW = 200,
Af = 1 MHg,
(301,30)
BW = 200,
Af = 1 MHg,
(401,30)
BW = 200,
Af = 1 Mi,
(1001,30)

7, = 115 ns 7, = 150 ns 73 = 175 ns

147.9 -2.1 181.1 6.1

109.7 -5.3 150.8 0.8 175.30 0.3

113.2 —-1.8 149.6 -0.4 178.0 2

115.0 0 149.9 -0.1 176.3 1.3

114.1 -0.9 149.8 -0.2 176.8 1.8

114.6 -0.4 149.9 -0.1 175.8 0.8

5 Conclusion

A requency domain TOA estimation algorithm based
on Cross-HOC was developed in this paper. And simula-
tion experiments were carried out to study the bandwidth
requirements of the algorithm. According to the simula-
tion experiments above, we came to such conclusions as:

1) mAf is the key factor to the forth-cumulant-ma-

trix estimation, and to include the basic characteristics of
the signal mAf have to satisfy a certain bandwidth.

2) In the condition of a fixed mAf , small sample
intervals means a large dimension of the cumulant matrix,
and a large computation consumption.

3) The bandwidth requirement to realize accurate cu-
mulant matrix estimation is much higher than that of the
auto-correlation matrix, and accurate TOA estimation
can’t be realized in small bandwidth conditions.
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