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Abstract:TheK-multiple-means(KMM)retainsthesimpleandefficientadvantagesoftheK-meansalgorithmbysetting
multiplesubclasses,andimprovesitseffectonnon-convexdatasets.Andaimingattheproblemthatitcannotbeappliedtothe
Internetonamulti-viewdataset,amulti-viewK-multiple-means(MKMM)clusteringmethodisproposedinthispaper.The
newalgorithmintroducesviewweightparameter,reservesthedesignofsettingmultiplesubclasses,makesthenumberof
clustersasconstraintandobtainsclustersbysolvingoptimizationproblem.Thenewalgorithmiscomparedwithsomepopular
multi-viewclusteringalgorithms.Theeffectivenessofthenewalgorithmisprovedthroughtheanalysisoftheexperimental
results.
Keywords:K-multiple-means(KMM)clustering;weightparameters;multi-viewK-multiple-means(MKMM)method

0 Introduction
 Clusteringisacommontechnologyforpattern
recognitionandiswidelyappliedtomachinelearning
tasksuchasimagesegmentationanduserportrait.K-
means[1]isthemostclassicalmethodamongalarge
numberofexistingclusteringalgorithms.Anditis
widelyusedduetoitshighefficiencyandintuitive
principle.However,theK-meansalgorithmdoesnot
performwellonnon-sphericaldatasets.Inorderto
improvethe defect of K-means, many variants
algorithm of K-means algorithm have been
proposed[2-5].Settingmultiplesubclassesforaclassis
astrategytoimprovetheK-meansalgorithm.This
designismoreinlinewiththepracticalapplication
scenarios,and performs better on non-convex
datasets.K-multiple-means (KMM),a multiple-
meansclusteringmethodwithspecifiedK[6]proposed
byNieetal.atACMSIGKDDin2019,isatypical
example.KMMalgorithmisconcernedbecauseofits
excellentperformance[5-7].
 KMMisatraditionalclusteringmethodtostudy
samplesthroughasetofcharacteristics.Whenthe
sampleshasmultiplegroupsoffeatures,multi-view
clusteringcandividethesamplesbyintegratingand

processingmultiplegroupsoffeatures.Intheeraof
bigdata,datawithmultiplesetsofcharacteristicsis
verycommoninrealscenarios[7].Forexample,inthe
problem of understanding multimedia content,
multimediacontentcontainsboththevideosignal
from thecameraandtheaudiosignalfrom the
microphone.Insomeimagerecognitiontasks,image
featuresincludecolourfeature,texturesfeatureand
shapefeature.Theproliferationofmulti-viewdata
makesmanyscholarshaveastronginterestinmulti-
viewlearning.Thedataondifferentviewsofmulti-
viewdataisheterogeneousbutpotentiallyrelated.In
otherword,inmulti-viewdata,eachindividualview
hasaspecificattributeforaspecific knowledge
discoverytask,butthedifferentviewsoftencontain
complementaryinformation.Therefore,howtouse
thisinformationtorevealthepotentialvalueofmulti-
perspective data is very importantin big data
research.Intermsofunsupervisedlearning,the
clusteringmethodbasedonsingleviewcannotsolve
problems by using multi-view information as
effectivelyasthemulti-viewclusteringinmanycases.
Multi-view clustering needstojudgerelationship
among samples in each view respectively and
completesclusteringtaskbyusingthecomplementary
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andconsensusinformationofmultipleviews.Itis
difficulttoobtaingoodresultbyintegratingdifferent
viewstoasingleviewandthenusingtheadvanced
traditionalclusteringalgorithmtocluster.Because
eachviewhasitsspecificattributes,intheprocessof
featurefusion,aparticularview mayhavehigher
weightthanotherviews,resultinginclusteringrelies
ononlyoneoftheviews.
 Although KMM algorithm has excellent
performanceintraditionalclustering,similartoother
single-viewclusteringmethods,itcannotusemultiple
groupsoffeatureinmulti-viewdatatocompletethe
clusteringtaskeffectively.Inthispaper,amulti-
viewK-multiple-means(MKMM)clusteringmethod
is proposed. In the new algorithm, weight
parametersofviewareintroduced,anewobjective
functionisproposed,andtheoptimumallocationof
weightparametersandclusteringresultsofdataare
obtainedthroughalternatingoptimizationstrategy.
 Forabetterclusteringperformanceonmulti-view
data,it’saneffectivestrategythat modifygood
traditionalclusteringmethodtoadapttomulti-view
datasets.Recently,KMMandMKMMhasexcellent
performanceontraditionaldatasets.Thispaper
proposedanewmulti-viewclusteringbasedonKMM
andrevisitedKMMinthissection.
 ThekeyideaofKMMalgorithmistosetmultiple
prototypesforeachclusterandmakethelocationof
clusteringprototypeandthepartitioningofdatato
prototypeanoptimizationproblem.
 DenoteX= x1,…,xn  T ∈Rn×d asdatasample
matrix,A= a1,…,am  T∈Rm×dasprototypematrix.
Theconnectedprobabilityofithsamplexiandjth
prototypeajissij.In mostinstances,thesmaller
distance xi-aj

2
2betweenxiandajis,thebigger

valueofsijis.Therefore,thelocationofprototypes
and assignment of data samples to neighboring
prototypescanbewrittenas

min
S ∑

n

i=1
∑
m

j=1
sij xi-aj

2
2+γS 2

F,

s.t.S≥0,S1=1,S∈Ω. (1)

 The position ofprototypes willchangeasS
changes.WhenSupdated,eachprototypecanbe
relocated.Thisprocesscanbeiterativelyperformed
by

min
A,S∑

n

i=1
∑
m

j=1
sij xi-aj

2
2+γS 2

F,

s.t.S≥0,S1=1,S∈Ω,A∈Rm×d. (2)

 Theclusteringresultcanbeobtainedbysolving
problem(2).
 KMM performswellintraditionalclustering,so
themulti-viewclusteringbasedonKMMhasagood
foundationformulti-viewdataclustering.

1 Proposedmethod
1.1 Designofobjectivefunction

 As mentioned above, KMM sets multiple
prototypesin each classfor better performance
(Fig.1),andsolvingproblem (1)canobtainthe
assignment of data to neighboring prototypes.
Supposingthatthedatasethasnvviews,thispaper
integratesinformationfromallviewsbyintroducing
weightparametersW = w1,w2,…,wnv  toextend
KMM algorithm to multi-view data. Then,
problem(1)becomes

min
S ∑

nv

v=1
w2v∑

n

i=1
∑
m

j=1
sij x(v)

i -a(v)
j

2
2+γS 2

F,

s.t.S≥0,S1=1, (3)

wherex(v)
i istheithsampleonvthview;a(v)

j isthe
jthsampleonvthview,theexplanationofmatrixS
andparametersγisthesameasthetheexplanationof
Eq.(1).

Fig.1 Integrationofmulti-viewschematic

 Similartothesingleview,thetaskassignedtoa
similar prototype for each data sample are
independentoftheotherdatasamplesinthemulti-
view.However,whendataispartitionedintosimilar
prototypes,theinformationofdifferentviewswill
influence each other and jointly determine the
partitionofsample.Therefore,theassignmentof
eachsamplexiispresentedas

min
si

si-dx
i

2γ
2

2
,s.t.sj≥0,sTi1=1. (4)

 Denotedx(v)
i = x(v)

i -a(v)
i

2
2,dx

iistheweightedsum
of dx(v)

i , consisting of j elements dx
ij =
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∑
nv
vw

2
v x(v)

i -a(v)
i

2
2.

 Problem (4)canbesolvedbasedonthemethod
proposedinRef.[10].Denotedth

ijasthejthdistance
ofmprototypestoithdatapointorderedfromsmall
to large. γ can be set as
1
n∑

n

i=1

􀭹k
2d

th
i(􀭹k+1)-12∑

􀭹k

j=1d
th
ij  ,􀭹krepresentsthe

number of nearest prototypes connected to the
sample.Ifthejthprototypeisnotamongthenearest
􀭹kprototypestoithsample,thevalueofsijis0.
Otherwise,supposingjthprototypeis􀭹jthprototype
nearest to ith sample, the value of sij is

dthi(􀭹k+1)-dthi􀭴j
􀭹kdthi(􀭹k+1)-∑

􀭹k

j=1d
th
i􀭴j

.

 AfterthematrixSisupdated,eachprototypewill
berelocatedaccordingtotheaverageofnewsubclass.
This process is performed iteratively until the
partitionofsampleisnolongerchangedwhichcanbe
expressedas

min
A,S∑

nv

v=1
w2v∑

n

i=1
∑
m

j=1
sij x(v)

i -a(v)
j

2
2+γS 2

F,

s.t.S≥0,S1=1,A∈Rm×d. (5)

 Aswithsingle-view clustering,in mostcases,
connectingsamplestoprototypesbelongingtothe
sameclusterwillresultinaconnectedgraph.Inorder
tomakethepartitionofsamplesmorereasonable,
consideringthatthematrixSshouldhavekconnected
components,MKMM introducesanew constraint
S∈Ωtotheobjectivefunction (5)toformanew
objective,thatis

min
A,S∑

nv

v=1
w2v∑

n

i=1
∑
m

j=1
sij x(v)

i -a(v)
j

2
2+γS 2

F,

s.t.S≥0,S1=1,S∈Ω,A∈Rm×d. (6)

 Inordertogetthebestview weightparameters
distribution,theview mayinitiallybeassigneda
weightaverage.Whenthepartition betweenthe
prototypeandthesamplesisupdatedagain,theview
weightswillbeupdatedandchangedaccordinglyto
obtainthebestweight.Eq.(6)shouldbeturnedas

min
A,S,W∑

nv

v=1
w2v∑

n

i=1
∑
m

j=1
sij x(v)

i -a(v)
j

2
2+γ S 2

F,

s.t.S≥0,S1=1,S∈Ω,A∈Rm×d,

W ≥0,W1=1. (7)

1.2 Optimizationstrategy

 DenoteP=
S

ST
􀭠
􀭡

􀪁
􀪁 􀭤

􀭥

􀪁
􀪁 ,􀭾LS=I-D-12PD-12isthe

normalizedLaplacian matrix􀭾LS associated withS,
wherematrixD∈R(n+m)×(n+m)isthedegreematrixof
P.Accordingtothediscussioninpreliminary,in
orderto partition prototypesinto clusters,the
restrictionrank(􀭾LS)=(n+m)-kisreplacedwiththe
restrictionS∈ΩinEq.(7),then

min
A,S,W∑

nv

v=1
w2v∑

n

i=1
∑
m

j=1
sij x(v)

i -a(v)
j

2
2+γ S 2

F,

s.t.S≥0,S1=1,rank(􀭾LS)= (n+m)-k,

A∈Rm×d,W ≥0,W1=1. (8)

 Inordertosolvetheproblem (8),relaxthe
restrictioninproblem (8)andturntheproblem (8)
into

min
A,S,W,F∑

nv

v=1
w2v∑

n

i=1
∑
m

j=1
sij x(v)

i -a(v)
j

2
2+γ S 2

F +

λTr(FT􀭾LSF),s.t.S≥0,S1=1,A∈Rm×d,

F∈R(n+m)×k,FTF=I,W ≥0,W1=1. (9)

 Eq.(9)canbesolvedbyupdateA,S,F,W
iteratively.FixAfirstly,thenupdateS,F,W.
Problem(9)canbeturnedinto

min
S,W,F∑

nv

v=1
w2v∑

n

i=1
∑
m

j=1
sij x(v)

i -a(v)
j

2
2+γ S 2

F +

λTr(FT􀭾LSF),s.t.S≥0,S1=1,

F∈R(n+m)×k,FTF=I,W ≥0,W1=1.(10)

 Forsolvingproblem(10),fixS,WandupdateF.
 Theoptimization ofF isthesameas KMM.

RewritingFas
U
V
􀭠
􀭡

􀪁
􀪁 􀭤

􀭥

􀪁
􀪁 ,Das

DU

DV

􀭠
􀭡

􀪁
􀪁 􀭤

􀭥

􀪁
􀪁 ,U,Varethe

firstkleftsingularvectorsandrightsingularvectors

of 22timesD-12U SD-12V ,respectively.

 WhenFisfixed,fixW,updateSandchangethe
problem(10)as

min
S ∑

nv

v=1
w2v∑

n

i=1
∑
m

j=1
sij x(v)

i -a(v)
j

2
2+γ S 2

F +

λTr(FT􀭾LSF),s.t.S≥0,S1=1. (11)

 Accordingtothedefinitionof􀭾LS,Eq.(12)canbe
obtainedas

Tr FT􀭾LSF  = 12∑
n

i=1
∑
m

j=1
sij

fi

di
- fn+j

dn+j

2

2
.

(12)

 Denotevij=
fi

di
- fn+j

dn+j

2

2

,problem(12)canbe
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writtenas

min
S ∑

nv

v=1
w2v∑

n

i=1
∑
m

j=1
sij x(v)

i -a(v)
j

2
2+λsijvij +γ S 2

F,

s.t.S≥0,S1=1. (13)

 Becausethe partition ofeach sampletothe
prototypeisindependentofeachother,theupdateof
Scanberegardedastheupdateofeachsi.Denotedx

ij

=∑
nv

v=1
w2v x(v)

i -a(v)
j

2
2,􀭹dij =dx

ij+λvij,problem(13)

canbewrittenas

min
si

si-12γ
􀭹di

2

2
,s.t.si≥0,sTi1=1. (14)

 Thesolutionofproblem (14)issimilartothatof
problem(4).
 WhenS,Ffixed,itneedstoupdateW,whichis
usedtosolvetheproblem(14),expressedas

min
W ∑

nv

v=1
w2v∑

n

i=1
∑
m

j=1
sij x(v)

i -a(v)
j

2
2,

s.t.W ≥0,W1=1. (15)

 Denoteyv =∑
n

i=1
∑
m

j=1
sij x(v)

i -a(v)j
2
2,problem(15)

canbewrittenas

min
W ∑

nv

v=1
w2vyv,s.t.W ≥0,W1=1. (16)

 DenoteY∈Rnv×nv,problem(16)canberegardedas

min
W

WTYW,s.t.W ≥0,W1=1. (17)

 RemovingtheconstraintW ≥0,theLagrange
functionofEq.(17)canbeexpressedas

L(w,η)=WTYW -η(WT1-1), (18)

whereηisLagrangemultiplier.AccordingtoKKT

condition,thevalueof∂L
(w,η)
∂w is0.Accordingto

WT1=1,Wcanbeexplainedby

wv = 1yv
× ∑

nv

r=1

1
yr  -1

. (19)

 When􀭾LSsatisfies∑
k

i=1σi(􀭾LS)=0and∑
k+1

i=1σi(􀭾LS)

>0,stopupdatingS,F,Witeratively.WhenS,F,
Wupdated,updateprototypematrixAby

a(v)
j =∑

n

i=1

sijx(v)
i

sij
. (20)

1.3 MKMMalgorithmsteps

 In summary,the main stepsofthe MKMM

algorithmaredescribedas:
 Input:multi-viewdatasetXnv ={X(1),X(2),…,
X(nv)},numberofclustersk,numberofsubclassm,
parameterγ,λ.
 Output:clusteringresultsC= C1,C2,…,Ck  .
 Step1:calculatematrixS;

 Step2:updateF=
U
V
􀭠
􀭡

􀪁
􀪁 􀭤

􀭥
􀪁
􀪁 ,whereU,Varethefirstk

leftsingularvectorsandrightsingularvectorsof
2
2D-12U SD-12V ;

 Step3:solvingproblem(14)toupdatematrixS.
 Step4:updateweightparameterW accordingto
Eq.(20).Repeatsteps2,3,4untilconverge.
 Step5:calculatethepositionofeachprototypeand
updatethe matrix A untilthe position ofthe
prototypenolongerchangesaccordingtothematrix
S;
 Step6:thekclustersareobtainedaccordingtothe
bipartitegraphcomposedofsamplesandprototypes.

1.4 Computationalcomplexity

 ThecostofupdatingFisO(m3+m2n)andmainly
produced by calculating the singular value
decompositionof􀭹S.Thetimecomplexityrequiredto
updateSisO(nmk+nmlogm).Thecostofupdating
theviewweightparameterisO(nv).Supposingthe
numberofiterationsto updateS and F ist1.
Normally,thevaluesofm3andlogmaresmall,so
thetimecomplexityofupdatingSandFiterativelyis
O((nmk+nmc+m2n+nv)t1).Thetimecomplexity
requiredtoupdateAisO(nmd).
 Insummary,supposingthatAisupdatedt2times,
andthetotaltimecomplexityoftheKMMalgorithm
is

O(((nmk+nmc+m2n+nv)t1+nmd)t2+nlogn+nd).

2 Experiments
2.1 Clusteringmetrics

 Themeasureofclusteringgenerallyusesoneor
moreevaluationindicatorsasjudgmentcriteriato
evaluateandanalyzetheclusteringresults,soasto
determinethequalityoftheclusteringalgorithm.
This article evaluates the algorithm through
Accuracy, Normalized Mutual Information
(NMI)[11]andPuritymetrics.Thethreemetricsare
introduced,respectively.
 SupposingCisthereallabelofdataset,Wisthe
labelobtainedbythealgorithm.Thedefinitionof
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Accuracyis

Accuracy(W,C)=∑
n

i=1δ(ci,mapwi)
n

, (21)

wheremapisthebestmappingfunction,whichcan
transformthelabelobtainedbythealgorithmandthe
reallabelintoonetoonemappingrelationship.δis
theindicatorfunction.
 ThedefinitionofNMIis

NMI(W,C)= I(W,C)
H(W)H(C)

, (22)

whereIrepresentsmutualinformation;Hrepresents
informationentropy.
 Purityisdefinedas

Purity(W,C)=∑kmaxj wk ∩cj

n . (23)

 ThelargerthevaluesoftheAccuracy,NMIand
Purityare,thebettertheclusteringperformance.
Thevaluerangeofthemetricsis[0,1].

2.2 Datasets

 TheCaltech101-7inTable1isadatasetof7classes
extractedfrom Caltech101.The Caltech101isa
datasetcontaining101classesofimagescreatedby
theCaliforniaUniversityin2003.Eachclasscontains
40to 80 pictures,each with assize of300 ×
200pixels. The seven classes extracted by
Caltech101-7arehumanfaces,motorcycles,dollar,
garfield,snoopy,stopsignsand Windsorchairs.
Caltech101-7extractedsixfeaturesfromtheabove
seven classes images containing gabor, wavelet
cenhist,hog,gistandlbp.
 The Caltech101-20in Table1isa datasetof
20classes extracted from the Caltech101. The
20classesare humanface,leopard,motorcycle,
binoculars,brain,camera,carsidewall,dollar,
ferry,garfield,hedgehog,pagoda,rhino,snoopy,
stapler,parkingindicator,waterlily,Windsorchair,
wrench,andyinyang.Thesixfeaturesextracted
fromtheimagesbyCaltech101-20arethesameas
Caltech101-20.

Table1 Realbenchmarkdataset

Datasets Samples Views Clusters

Caltech101-7 1474 6 7
Caltech101-20 2386 6 20
Yale32 165 3 15

Wikipediaarticles 693 2 10

 TheYale32inTable1isafacedatasetofYale
University.Thereare15peopleinthedataset.Each

person has 11 pictures with different poses,
expressionsandlighting.Thereare165picturesin
total,andthe pixels ofthe picturesare32×
32pixels.
 The Wikipedia Articles in Table1 is some
documentscollectedfrom thefeatured articlein
Wikipedia.Thisisacontinuouslygrowingdataset.
Thisarticleusesadatasetcomposedof2669articles
in29classescollectedinOctober2009.Becausesome
oftheclassesaresparse,only10classesareretained,
anddatasetareprunedtoretain693samples.The
datasethastwosetsoffeatures,onesetistakenfrom
thetextinformationinthedocumentandtheotherset
istakenfromthetext.

2.3 Competitors

 Inorder to evaluate the MKMM algorithm
proposedinthispaper,somealgorithmsareselected.
 Liuetal.proposedMKKM-MR[12]algorithm.This
algorithmdesignedanovel,effectivematrix-induced
regularizationtoreducesuchredundancyandenhance
thediversityoftheselectedkernels.Thealgorithm
neededtosettheregularizationparametersinadvance
whenthealgorithmwasexecuted.Accordingtothe
recommendationsinthearticle,thisarticlesetsthe
parameterrangefrom-15to20,setsthestepsizeas1
forcomparisonexperiments,andtakestheaverageof
26resultsofalgorithm.
 Zhaoetal.proposedSCMK1[13]algorithm.This
algorithmlearnedsimilarityinformationfrom data
andintegratedthreesubtaskoftraditionalspectral
clusteringintoaunifiedframework.Theparameters
weretunedassuggested[13].
 Zhaoetal.proposedSCMK2[14]algorithm.This
algorithmproposedamodeltosimultaneouslylearn
clusterindicatormatrixandsimilarityinformationin
kernelspacesinaprinciplesway.
 Wangetal.proposed MVC_LFA[15]algorithm.
Thisalgorithm proposedto maximally alignthe
consensus partition with the weighted base
partitions.Accordingtotherecommendations,the
balanceparametersweresetaccordingtothevaluesin
set{2-15,2-14,…,215},andtheaveragevalueof31
experimentswasdisplayed.

2.4 Performance

 Results of the MKMM algorithm and the
competitorsonthefour multi-view datasets were
evaluatedbyAccuracy,NMIandPurity metric,
whichwasshowninTables2-4.
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Table2 Accuracyvaluesoffivealgorithms

Datasets MKKM-MR SCMK1 SCMK2 MVC_LFA MKMM

Caltech101-7 0.4054 0.5100 0.5500 0.3704 0.6313

Caltech101-20 0.3777 0.5400 0.5600 0.3917 0.5787

Yale32 0.5543 0.6325 0.5697 0.5662 0.8563

Wikipediaarticles 0.5461 0.5325 0.5541 0.5398 0.5940

Table3 NMIvaluesoffivealgorithms

Datasets MKKM-MR SCMK1 SCMK2 MVC_LFA MKMM

Caltech101-7 0.3958 0.4000 0.4900 0.3911 0.4614

Caltech101-20 0.5185 0.6200 0.4900 0.5185 0.4920

Yale32 0.5814 0.6104 0.5652 0.5729 0.9036

Wikipediaarticles 0.5 0.4726 0.5146 0.4804 0.5581

Table4 Purityvaluesoffivealgorithms

Datasets MKKM-MR SCMK1 SCMK2 MVC_LFA MKMM

Caltech101-7 0.8191 0.6567 0.6000 0.8153 0.8240

Caltech101-20 0.7384 0.6945 0.6573 0.7405 0.6880

Yale32 0.5622 0.6739 0.6000 0.5687 0.8832

Wikipediaarticles 0.5834 0.5830 0.6248 0.5839 0.6304

 Inordertoeliminatetheinfluenceoftheinitial
prototypesselectionoftheMKMMalgorithm,the
averagevalueof30experimentsperformedbythe
algorithmonthedatasetisusedfordisplay.From
theTables2-4,itcanbeseenthattheMKMM
algorithm has outstanding performancein some
datasetscompared with otherpopular multi-view
clustering algorithms. Although the MKMM
algorithmperformsnotthebestonotherdatasets,it
stillachieves a good clustering effect. MKMM
performs particularly well on Yale32,probably
because the same person in different facial
expressionscanbetakenasindistinctsubclasses.
MKMM may be more advantageous on similar
datasetstoYale32.

3 Conclusions
 ConsideringthattheKMMalgorithmcannotsolve
theproblem of multi-view clustering,thispaper
proposes MKMM algorithm. The algorithm
introducesview weightparameter,designsanew
objective function and effectively uses multiple
features to achieve better clustering results.
However,affectedbytheinitialpointselectionlike
theKMMalgorithm,sothattheclusteringresultsof
theMKMMalgorithmareunstable.Therefore,how
tomaketheMKMMalgorithmselectprototypeson
themulti-viewdatasetscientificallyandimprovethe

clustering effect while stabilizing the clustering
performancewillbethenextresearchwork.
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多视图K-多均值聚类算法

张倪妮1,2,葛洪伟1,2

(1.江南大学 人工智能与计算机学院,江苏 无锡214122;

2.江南大学 江苏省模式识别与计算智能实验室,江苏 无锡214122)

摘 要: 多均值聚类算法假设每个类拥有多个子类,通过求解优化问题的方式来求解每个样本子类的划分

和最终类簇的划分。该算法弥补了K-均值算法在非球数据集上的劣势,取得了较好的聚类效果,但是该算

法无法被运用到多视图数据集上。本文提出了一种多视图K-多均值聚类算法,保留了K-多均值设置多个子

类的设计,引入了视图权重参数,将目标聚类数作为限制条件,通过求解最优问题获得最终的类簇。将本文

提出的算法与流行的多视图聚类算法进行对比实验,证明了本文算法的优越性。
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