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Cooperative output tracking of multi-agent systems under finite time
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Abstract: The cooperative output tracking problem of multi-agent systems in finite time is considered. In order to enable the

agents to quickly track and converge to external system within a finite time, a novel distributed output feedback control strategy

based on the finite-time state observer is designed. This distributed finite-time observer can not only solve cooperative output

tracking problems when the agents can not get external system signal, but also make the systems have a faster convergence and

a good robustness. The stability of the system in finite time is proved based on Lyapunov function. Numerical simulations

results have been provided to demonstrate the effectiveness of the proposed protocol.

Key words: multi-agent systems; finite time observer; cooperative output tracking; distributed output feedback control

CLD number; TP273
Article ID; 1674-8042(2019)02-0134-09

0 Introduction

In recent years, the study of cooperative output
control of multi-agent systems has attracted a lot of

L) Multi-agent systems are

researchers’ attention
widely used in many fields such as multi unmanned
aerial vehicle (UAV ) cooperation control™, optimal
formation control™ and target position estimate'™.
The output

distributed control law, which makes the output of

regulation is mainly to design a

multi-agent closed-loop systems asymptotically track
a predetermined reference input generated by external
system, or asymptotically reject the disturbance

signals™®

. Therefore, the output regulation problem
can also be attributed to a class of output tracking
problems/.

In many practical applications, usually there are
two possibilities in the cooperative tracking problem
setup. The first case is that all the followers can
access the exogenous signal and the other is that the
output to the exogenous is unknown to the
followers. For the former, it was firstly studied in
Ref. [10]. To overcome the limitation of the latter, a

distributed observer is proposed so that each agent
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can estimate the state of the exosystem, a dynamic
state feedback controller can be based on the
observer, and the heterogeneous multi-agent systems
can realize output tracking problem™""*). The output
regulation problem of nonlinear system with
distributed observer was considered by Tang., et
al. 'Y, which enables the followers to track the state
of the leader when the leader contains unknown
input. In Ref. [15], a distributed fuzzy observer and
controller were designed based on parallel distributed
compensation scheme and internal reference models
so that the heterogeneous nonlinear multi-agent

Ref. [16]

further utilized the adaptive distributed observer

systems can achieve output consensus.
approach to deal with the coordinated output
adjustment problem of linear multi-agent systems.
From the above reviewed researches, we can see a
common drawback that the designed observer can not
realize the estimation of external system in finite
time, thus the output of the agent can not be
guaranteed to track external signals and suppress
interference at a finite-time. However, in many
cases, the system is required to converge within a

limited time, especially when in state of external
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disturbance and uncertain factor, the shorter the
convergence time, the better the performance.
Sufficient conditions of finite time convergence and
communication topological conditions are given in
Refs. [ 17-20]. Motivated by Ref.[21], a finite-time
state feedback controller is firstly proposed for a class
of second-order nonlinear multi-agent systems with
leader-follower  architecture, the finite time
convergence observer is constructed to estimate the
velocity information, but with the disadvantage of
long finite convergence time. By designing a new
distributed fixed-time observer, it is possible to
estimate the velocity information and achieve
consensus problem in a bounded finite time fully
independent of initial condition”””). In Ref.[23]. to
estimate the matched/mismatched disturbances and
state the agents of the unknown elements for the
finite-time output consensus problem, due to the fact
that disturbances are fast time-varying and it is
difficult to operate in reality, a finite-time generalized
state observer is constructed for each agent.
However, all the reviewed studies mentioned above
on the finite-time output adjustment are mostly
limited to the estimation of a certain reference
quantity of the internal system, and the problem that
some agents can not obtain the external signal in
finite time is not considered. Moreover, the design of
the existing finite time algorithm mainly focuses on
the controller. In this paper, a new finite time
distributed observer is proposed, which makes the
state of the exosystem estimated in a limited time
when a part of the agents can not obtain the
exosystem information, so that every follower can
quickly track the exosystem in a limited time and
solve the coordinated output tracking in finite time.
This is the main purpose of the research.

The key results of this paper involve three
contributions. Firstly, a novel distributed finite time
observer algorithm and a control law are designed.
Secondly, the efficiency of heterogeneous multi-agent
systems under the limited time distributed observer is
proved. Finally, the stability of coordination output
in finite time is proved.

The present paper is organized as follows. In
Section 1, the problem formulation and some
necessary preliminaries results from graph theory and
the properties of finite time are given. The finite-
time distributed observer and the corresponding
control law are discussed in Section 2, which is

illustrated by a simulation in Section 3. Finally, a

brief conclusion is presented in Section 4.
Throughout this paper, some notations to be used
in the sequel are introduced. N is a set of positive
integers. R"*"is the set of 7 X#n real matrices. sgnx=
[Sgnfl ,
function, sig(x)*=|x |*sgn(x), x* =[xy, 2%, =+,
ol lxlo=0Cla I Lla [ 1o Dla, [ <] AT

denotes the transpose of matrix A.

e+, sgnx, |¥, sgn ( ¢« ) denotes a sign

1 Preliminaries and problem formulation

1.1 Preliminaries

1.1.1 Graph

A graph G={V,E, A} is used to describe the
topology of connections between agents and leader,
where V = {1, 2,
representing N agents, E=V x V is the set of edges

<=, N} 1is the set of vertices

of the graph, i.e., the set of edges formed between
nodes. The set of all neighbors of node i can be
represented by N;={; €V : (i,j) € E,i#j}. The
weighted adjacency matrix of a diagraph G is a
nonnegative matrix A = (a; ) € R”"". Suppose that
there is no self-loop in the graph G, i.e., (i,i) € E.
If (i.j) € E, then a; >0, and the node i is called a
neighbor of the j node; Otherwise, a; =0. If (i,j) €
E and (j,i) € E, then the graph G is called an
undirected graph; otherwise G is called a directed
graph.

The communication topology considered in this
paper is undirected, define the degree of node i as

d; (v,) = Zazj and the degree matrix of grap G as
=1
D, =diag{d; (v,),+,d; (v,)]. The Laplacian of a

graph G is denoted by L=[/; |&€ RN"P*N"D " which
can be expressed as
—ajs 17,
[, =< & o D)
! E Ajj s = ].
i=1

1. 1.2 Finite time stability

First, some lemmas and theorems which are stable
for a finite time are given.

Lemma 1! Suppose there exists a continuous
function V (x) defined on a neighborhood of the
origin, and real numbers ¢>>0 and 0<{q<C1, so that
the following conditions hold:

1) V(&) is positive definite;

2) V(2)+¢(V(x))*<0, then the system is said to
be stable for a finite time, and the stable time

satisfies
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V(Io)lia
T < a—p

1.2 Problem formulation

In this paper, the cooperative output system
composed of external system and multi-agent systems
is considered. The dynamics of each heterogeneous

agent is
J.C,'([) = A,-x,-(t) +B,'u{(t) _'_G,'V(t)’
y:(t) = Cx;(t) +Du; (1) +Ev(), (2)

where x; (1) ER", u; (1) ER" and y; (t) ER? are the
state, tracking error and input of the i-th subsystem,
A € R 7“7, B, c R <, C c R?: D & R?i“mi G;
and E; are constant matrices, v& R? is the exogenous
signal composed of the reference signal f(z) and the
disturbance signal w(z) as

i =Afw,
w() = Aw (). (3

Let A,=diag{A,;,A,}, then the external system

can be written as

] {f(z‘)} {Af O} {f(z‘)}
v(t) = | = =Ayv(). (4)
w(t) 0 A.l lw®)

Take the tracking error e, (z) =y, (t) —v(z), then
multi-agent systems of Eq. (2) can be expressed in
the following form

k,([) :A,'x,'(t)+B[“,(Z’)+G,‘V(l‘)’
e,-(t) :Clxl(f)+D,u1(t)+E,v(t)’
v(t) = A (D). (5

For convenience, some standard assumptions that
are needed for the cooperative output tracing problem
are discussed before deriving the main conclusions of
this paper.

Assumption 1 A, has no eigenvalues with negative
real parts.

Assumption 2 The pairs (A;,B;) are stabilizable,
the pairs (A;,C;) and (G;,E;) are observable, i=1,
2, N.

Assumption 3 Only part of the agents can get the
signals from the external system, and the other part
can not directly get the state of the external system,
SO it is necessary to estimate the state of the external
system.

Definition 1 For the multi-agent systems of
Eq. (5), distributed

observer that satisfy the following conditions;

design a controller and a

1) When v (¢) = 0, the closed-loop system of
Eq. (5) has asymptotic stability.

2) For any initial condition x;(0), n(0), v(0), (=
1,2, -, N, there is a T€ [0, oo ] that makes the
tracking error satisfy the following relationship

lime; = 0.

=T

2 Design of distributed finite time
output feedback control protocol

In this section, a dynamic compensator'!! is
introduced as
7 (D = A (D +
pw(DJay (g () — (D) + aw (o(0) —1,()) ),
JEN,
1=1,2,.n. (6)

This distributed observer solves the problem that
some agents can not obtain exosystem information.
In order to make agents quickly track the exosystem
in finite time, a distributed finite time observer and
controller can be designed as

w, () = Kix; (1) + Kom, (1) (N
0.0 = Am (O + 2| DJaysigly, () —n,(0)7 +

JEN,

ansigv() —m (D)7 + D (g, () — (D) +

JEN,
,@(lio(v(t)—ni(t))je €))

where K;; € R"”" and K,; € R""?are gain matrices to
be determined later, for ¢ =1, -+, N; r is some
positive number; 0<Cg<{1; a; is the weighted value
between agent and leader; 1, €R? as an estimate of v
can be seen from Eq. (6). Under the controller action
of Eq. (7), the closed loop system Eq. (5) of multi-

agent can be written as

x; (1) = Ax; () +BKx; () +BKom: () + Gy (1),
e;(t) = Cx;(t) + DK x,(t) +DiK2;ni(l) +Ev(),
0 = Am (O + 7 Dlaysiglny () —n,(0) +

JEN;
ansigv(D) — ()7 + B> (; (1) —
JEN,
0:(O) + a (@) — () ],
v(t) = Ay(t),
1= 1929"'971.

9

To solve the performance of distributed observer,
the following LLemma will be used.
Lemma 2''7"%) For y,,y, 4+, y,=>0 and 0<_p<1,
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there exists Zy{? = (Ey, )P.
i= i—1

=1
197

Lemma 3"
topology diagram G, L(A)=[[; ] € R"" represents
the Laplacian matrix of the undirected graph, which

For the undirected communication

has the following properties:

D x"L(A)x — % Sy (z— 27 3
i.g=1

2) If the topology G is connected, then L(A) is
semi-definite. The algebraic connectivity of the graph
. . x'L(A)x
is equal to min T3

a0 A e=0 X

there is x'L (A) x = A, (L (A)) x'x, and the
LA 0= ()<<

, that is, when 17x=0,

eigenvalues of satisfy
Ao (L)<C-=-An (L)

3) If the undirected communication topology is
connected, for vector b,—=0, Yi&E I, b%0, then the
matrix L(A)+Diag(b, ,*+,b,) is positively definite.

Lemma 4"  TFor the undirected communication
topology G, if there exists a function ¢ ¢ R*—>R, that
satisfies ¢(x;sx;) = —¢(x;,2,), for any i,j € I and
i#j. then there is a set of series y;,y,,°**,y, which

satisfies

Z Za,jy,gb(xj 7I,‘) -

i=1jEN,

2 a; (yj 7yi)¢(1'j 7~Ti).

(vl.v/)GE

Do =

Now consider the cooperative output tracking
problem in finite time. By LLemma 2—4 and the above
analysis, the following results can be obtained
immediately.

Theorem 1  Suppose there exists a continuous
function defined on a neighborhood of the origin. For

any =T, and real numbers p=>0 and 0<<A<C1, if the

. Vo)t
<
condition T\pﬂ*/\)

Eq. (8) can realize the fast tracking of the external

is satisfied, the observer of

signal v(2), and the tracking error is reduced to 0.
At the same time, each follower in the whole system
can also quickly track the leader in a limited time,
and the cooperative output tracking problem in finite
time can be solved.

Proof; Let

7 () = n,) —v(@). (10)
According to Egs. (8) and (10),

7,0 = A (O + 7| Daysigln, () —1,(0)7 + awdesigw() — 1, (D)7 + fa (v(1) —

JEN,

0 (D) + B2 ay (0 —0,(0) |= Am () + < DJaygisigly, () —1,())7 —
JEN; JEN,

i sig(n (D)7 + B> ay (g, () — 0,0 — faiy (g () . (1)

JEN,

Consider the Lyapunov function candidate

V() = D n. (07

i€ N;

Combined with Egs. (10) — (11), the time
derivative of this Lyapunov candidate along the

trajectory of this system is

V) =220 00,0 =220 O[Am (O + 1 a,sigly, (0 — 0: (D)7 — e sigln, ()7 +

i€N, €N,

JEN,

B ay (1,0 —1:(0) —Bawn (D = [ 2D (0) DJaysigly, () —1,())7 —

JEN,

22 i (Daisign: (D)7 +22 17, (0 D ja; (; (1)

ieN; ieN; JEN;

According to Lemma 4, it can obtain that

iEN, JEN,

—1.(0) = 2820 (Dawn (D) [+ 2> 0. (DAL (0.
iEN;

S N’

V() =[— D)D) () — ;i (D)aysiglng, () —1,(0)7 — B> Dy (g, (0 — g () —

iENEN,;

iEN,JEN,;

2> (Dawsig(n (D)7 — 28> 0 (Daun, (O [+ 2> 0. (OAR (1) =

i€ N; iE€N;

i€ N;

o= 2020 (0 — e (D)aysigly, (O — 1 (D) — B> Dhay (g, () — () |—

iENJEN,

IENJEN,

20 D apsign; (O — 22 2,m: (Danfin: (O + 2> 0 (DAR,; (1) =

€N, €N,

€N,

o= D0 D0 (0 — e (D)aysigln, (O — 1 (D) — B> Dhay (g, () — () |—

iENJEN,

iENJEN,

271D [rawsig(n (D)7 + g, (0 — A (D 1< [ — D) D (, (0 — i (1)) ay siga, () —

i€N,

iENJEN,
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00— B> Day (D) — ) = [ D) Dlay [ 9,0 — () [ =D Day; (g, () — () |<

IENJEN,

IENJEN,

iENJEN,

— 3, O — o [P =— D)3 Talv (g, () — . ()]

iGNI.jENI
It can be seen from Lemma 2 that the above
equation can be expressed as
V() = > D [ah () — () 7 <

iENJEN,
lio

— [ (el —m) ] A

iEN; JEN;
Assuming that P=L(A) +diag(ay»as,

the eigenvalue conditions of L(A) in LLemma 3 can be
obtained.

S Dar y—n0?]

iEN; JEN,

s o ) ’

2n'P" Py,

O = alPn (13)
Taking Eq. (12) into Eq. (13), the following can

be obtained

. 1t lig
V) <—[2xLp) ]2 V@) 7. (14

From Lemma 1, the designed observer satisfies the
following conditions
1—
2V(0)z
< - (15
(1 —o)[22:(L,)]7

Because t>>0, 0<(¢<(1, through the above proof,
the observation error can be gotten as hl’?ﬁ; (t)=0,
pe

thus it can be seen that the designed observer of
Eq. (8) can quickly track the external system signal
in a limited time.

Theorem 2 Supposing that the system of Eq. (5)
satisfies assumptions 1—5 and also satisfies the finite
time conditions involved in Theorem 1 under the
control law of Eq. (7)., let K;; be a constant matrix so
that A; +B.K,; is Hurwitz, and K;; =U,; — K, X, if
and only if the following matrix Eq. (16) has a unique
solution

AX:.+BU,+G, = XA,,
C;X;+D;U;+E; :0. (16)

Then the multi-agent systems of Eq. (5) can solve
the problem of cooperative output tracking stability
in finite time so that the following statements hold:

D If v(t)=0, %ign,ﬂ(z‘,):O;

2) For any initial condition x; (0), n(0),v(0),
1IL11T1e[(t)ZO.

Proof. For
following variables

x(0) = [xf,.x, |7, A = diag[A,,-++,A, ],

compact expression, define the

ENJEN,
B = diag[B, .-+.B,,].C = diag[C, .--+.C, ],
D = diag[ Dy ,*+.D, ], G = diag[G, ,**+.G, ],
E = diag[E,,:*.E, ], K, = diag[K;; ,***,K}, |,
K, = diag[ K, ., K>, |, e(t) = [el,-+,el |7,
then systems of Eq. (9) can be written as
x(1) = (A+BK))x(t) +BK,n+ Gy,
e(t) = (C+DK,)x(¢) +BK;n+Ev,
v() = Ay ().

From the proof of Theorem 1, %iﬂrgni],-(l) =0. When
v=20, %iﬂnTln,- (t) =0, thus the overall closed-loop
system of Eq. (9) can be put in the following form

x(1) = (A+BK)x(1).
Let A.=A-+BK,, then
x() = Ax (). an

Since A+ BK, is Hurwitz, then A. is Hurwitz, so
lir?x(.([) =0, L.e , 1ir¥x(l) =0. Through the above

proof, the first statement of Theorem 2 takes place.
Denote x,(t) =x, (1) —Xw, () =0, (t) —v(2),
U, (0)=K;;X,+K,;. the time derivative of this x;(z) is

X, (1) =Ax; () T Bu, +Gv(it) — XA y(@) =
A (x; (D) +Xv() +BK (x, (1) + Xv() +
BK. (. (1) +v() +Gv () — XAy () =
Ax, () +AXv()) +BK,x,(t) +BK, Xv(t) +
BK:m: (1) +BK:v (1) +Gv (1) — XA ().

When V:O, f,‘ — (A, JFB{K},‘).;Z’ (t) +B[Kg;;’; (Z) ’
since 1il"rT1;’;(t):O, then lirrTﬁi(t):O.

Similarly, the output of a multi-agent is
e.(t) = Cx;(t) +Du,(t) +Ev() =
C(x; () +Xv() + DK, (x; () + Xy () +
DK, (n;(t) +v(D)) +Ey (1) =
(C; +DK )x; (1) +DKom, (1) + (CX,; +
DK, X, +DK, +E)v(t). (18)

Since lirglﬁ,v (t) =0 and lirrT];ci (1) =0, according to
Theorem 2, if and only if X; there is the solution of
Eq. (16), and the solution is unique, then the above

formula can be expressed as
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111}[]&(1) = (CX, +DU; +E)v(p). (19

If CI‘X[ +DiUi +E1 =0 hOldS, get hn;lel (t) =0. If
linlyei(t) =0 holds, according to Assumption 2, one
can find that lirg;v(t)io, hence CX,;,+D,U;,+E;=0.

Thus the first and second statements of Theorem 2
can be proved.

Based on the above proofs, the distributed protocol
and the finite time control algorithm are designed
which can be used to solve the finite time output
tracking problem of the multi-agent systems.

3 Experiments and results

3.1 Simulations example

In what follows, a simulation is provided to
indicate the effectiveness of the finite time distributed
control algorithm proposed in the previous section.
Considering the cooperative output regulation of
heterogeneous multi-agent for a kind of double-
integrator systems with sinusoidal disturbances,
including four agents and an external system, the
dynamic equation of multi-agent is

X1 = X2
Xy = 0.5, +u;» i = 1,2,3,4,
e, — X1, — Vi

and the exosystem is
Vi = V2o V2 = Vi

which is an unforced harmonic oscillator. The
information exchange between agents is represented
by a network topology as shown in Fig. 1, where
node O is an external system and node i represents
agent 1.

Fig.1 Network topology for example

Taking the state variable xT=(x};,x2), the above
system can be described with the same state space as

Eq. (2) ’

- n[en o

0 0
G"*[o o.sz‘]’E"*[_l 0J,

A, = [—01 (ﬂ D, =0,i=1,2.3.4.
It can be seen that Assumptions 1—5 are satisfied.
Solving the Eq. (16), the satisfied solution is X; =1,
andU; =[ —1, — 0. 5/ ]. Since the controller gain
matrix K;; satisfies A+ BK, is Hurwitz, to be more
specific, let K;;=[ —8,—4], then K,,=U,—K,,=[7,
4—0.5i]. Besides, let z=1, ¢=0. 3 and f=3.

3.2 Results

The simulation results are shown in Figs. 2—11.
By contrasting Figs.2 — 5, the regulated output
component e¢; () of the agent converges to 0 for
about 6 s under the observer of Eq. (6), and the
component e; () converges to 0 at approximately
6.5 s.

Fig. 2 e, () with adaptive distributed observer

6_

-8 L 1 L L L L | |
0 05 10 1.5 2.0 2.5 3.0 35 40 45 5.0
t/s

Fig.3 e, (¢) with finite-time distributed observer

Obviously, the regulation errors of all the agents
with the finite time distributed observer of Eq. (8)
can converge to 0 before t=2. 4 s. One can find that
finite-time

the convergence speed with this

distributed observer increases nearly 2. 6 times than
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that using the adaptive distributed observer, and the

overshoot reduces greatly.

15

t/s

Fig. 4 e, (1) with adaptive distributed observer

15
—— en
10 —e— e
S e
5 Lt ex

ol
0 0510 1520 25 3.035 4045 50
t/s

Fig.5 e, (¢) with finite-time distributed observer

742

Fig.6 1 () =[ma (£), q2 (£)]", with the adaptive

distributed observer

0.6 s, and the component 7;; is traced to the external
system for about 0.9 s, which is a good solution for
the problem of fast tracking when a part of the agent
is unable to obtain the external system signal.
Similarly, as shown in Figs. 8—11, the states of all
agents are quickly consistent with the states of the

leader, i. e. , the external system in a limited time.

10y

B S
0 02 04 06 08 10 12 14 16 1.8 2.0

t/s
Fig.7 () =[n. () .1, (1)]" with finite-time distributed
observer

Follower 1
— - —- Follower 2

Follower 3
—»— Follower 4

/ """" Leader

X10—X1i

Fig. 8 xy0 —x; with adaptive distributed observer

Follower 1
— - — - Follower 2
Follower 3
—w— Follower 4
rrrrrrrr Leader

X10—X1i

As shown in Fig. 6, the component n,; under the
observer of Eq. (6) is tracked to the external system
for about 3.5 s, and the component 7, is tracked to
the external system for about 5 s. It can be seen from
Fig. 7 that the component 7; under the observer of
Eq. (8) is traced to the external system for about

_10. SR

]5 1 1 1 L 1 1 1 1 1 1
0 05 1.0 1.5 2.0 25 3.0 35 40 45 5.0
t/s

Fig. 9 xy0 —x;; with finite-time distributed observer
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15¢

Follower 1
10+ L — - — - Follower 2
7 »  Follower 3
L ﬂd" —w— Follower 4

Y P

s | Leader
hY
%

4 5 6 7 8
t/s

Fig. 10  x,) —x,; with adaptive distributed observer

Follower 1

10+ —-—- Follower2 |,
Follower 3
—»— Follower 4

5 1 L L L 1 1 I 1 L ]
0 0510 15 2.0 25 3.0 35 40 45 50
t/s

Fig. 11  x3) —x,; with finite-time distributed observer

4 Conclusion

This paper proposes a finite-time observer control
algorithm to solve the problem of the heterogeneous
multi-agent systems which can not converge in a
limited time by using graph theory and Lyapunov
theorem. The finite time stability of the system
under this control algorithm is proved. The most
prominent feature of this algorithm is that the
designed observer can estimate the state of the
external system in a limited time, so that the
followers of the whole system can quickly track the
obtain  the
characteristics of output regulation for a limited

external system and convergent

time.
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